Absrract -In this paper, system component reinforcements are analyzed from the perspective of their impact in increasing flexibility in system design. The proposed framework integrates a fuzzy optimal power flow model through which one can derive, as a function of load uncertainties, possibility distributions for generation, power flows and power not supplied. Exposure and robustness indices, based on risk analysis concepts, are defined. These indices can be used to rank the expansion altematives, giving the planner insight to system behavior in face of adverse futures.
I "
When planning a power system expansion, several types of uncertainties must be dealt with. Some of these, such as the ones related with system or component failures, are adequately taken care of by probabilistic methods and their impact assessed by reliability studies. But other, such as in load forecast, cannot be represented by a probabilistic approach: not only many of the underlying assumptions are of qualitative nature but also unlikely events may have catastrophic consequences and planners wish to take that into account. Moreover, planners tend to search for some sort of "flexible planning" instead of for some kind of special solution, that may be "optimal" for the expectancy of some variable but prove disastrous if the future does not come as expected (which usually happens...).
In this paper one defines nodal consumptions as fuzzy loads, associated to a possibility distribution, using concepts from the fuzzy set theory [l, 2, 31. This means that one has an imprecise definition. covering a range of values depending on the nature of the uncertainty about the exact value. This imprecise definition is distinct from a probabilistic approach, which is seen as misadjusted, because in planning exercises it seldom makes real sense to adjust any kind of probability distribution to load values; besides, one will be trying to find "what may happen" in the future, and will not be searching for any kind of expectancy.
Having loads as uncertain defines the problem within a domain of possible future load scenarios. The purpose of this paper is to show that decisions on setting or reinforcing system component capacities (such as in generation or line power flow) may be evaluated in terms of how much or how well that domain of possibilities is covered. For this purpose, robustness and exposure indices are defined, characterizing the risk of having taken good or regrettable decisions concerning the system ability to cope with uncertainty. These indices may be used to compare alternative designs, to be set as design targets or to rank system reinforcement strategies so that a plan may be selected not only on the basis of C.P. 38063 GBvea -CEP 22452 RJ BRASIL economic information related to investments, but also on the ability of each altemative to accommodate imprecision in load values.
In fact, some expensive investments may show to have virtually no impact in introducing flexibility in system design, while others may prove to have a definite influence for such purpose. If loads are uncertain, then generations (including optimal generations) and lines flows will be uncertain as well. The Fuzzy Power Flow problem has already been addressed, in DC and AC formulations [3, 4, 51. But, as generations are not given as data in a planning environment, the above mentioned problem must instead be solved within the framework of the Fuzzy Optimal Power Flow (FOPF) approach. A first FOPF model has been presented in [6];
however, it could not deal adequately with some possible extreme situations and, therefore, its results were in some cases optimistic (in the sense that the possibility distributions for generations and line flows, resulting from its application, could be too narrow).
In this paper one presents a new FOPF model, organized as a multiparametric programming formulation. As both the new algorithm proposed and the operations with fuzzy sets are very efficient, from a computational point of view, a computer application could be developed suited to be used as frequently as needed and even to be integrated in more complex procedures (such as a Monte Carlo, e.g.).
In order to illustrate the proposed techniques and the use of the proposed indices, some results are presented based on studies on the IEEE 24 bus Reliability Test System.
A fuzzy set A is characterized by a membership function pA(x) relating each element x i to its compatibility degree with Xi. In this case, the transition between the extreme situations of full and complete lack of membership is gradual. In certain circumstances, a fuzzy set can be associated to a possibility distribution. In such cases, the membership function corresponds to a possibility distribution function.
An a-level set or an a-cut of a fuzzy set A defined in Xi is the hard set Aa obtained from A for each a E [0,1] such that:
The support set of a fuzzy set A, S(A), is the hard set containing the elements of Xi having their membership function in ]0,1]. A fuzzy set A is said to be a fuzzy number if it is a convex fuzzy set of the real line R such that its membership function is piecewise continuous.The usual set operations can be readily extended to fuzzy sets using the Extension Principle formulated by Zadeh. In It should also be emphasized that the convolution used to extend several arithmetic operations to fuzzy sets is much simpler than if probabilistic concepts are considered. This fact strongly contributes to make arithmetic operations with fuzzy sets very efficient in a computational framework.
ION OF FUZZY L O q p S
The modelization and specification of fuzzy loads has been addressed in [3] . In this paper, trapezoidal fuzzy numbers (figure 1) associated to a membership function are used to represent a vague knowledge about the load behavior. 
POWER FLOW MO=

General description
A FOPF methodology is an optimization procedure to identify generation membership functions driven by an economic criterion under uncertain loads. The developed methodology adopts a Dc formulation integrating the active power balance equation and generation and branch power flow limit constraints. The DC model is adopted as the problem addressed is of planning.
In figure 2 the FOPF algorithm is presented. It starts by a deterministic DC optimal power flow so that an optimal and feasible solution related to the central values of the 1 .O a-cut of the specified load membership functions is identified. This way a multiparametric optimization problem is formulated. Gal [7] presents an algorithm to identify regions related to feasible and optimal solutions. This algorithm is considered to have rather poor computational performances if real sized problems are to be dealt with. Therefore, a new and efficient algorithm was developed to solve, even if in a approximate way, the previous problem.
The proposed algorithm identifies vertices of the hypervolume enclosing the possible load values and analyses each one by performing parametric linear programming studies. The generator, branch power flows and power not supplied membership functions are finally obtained by aggregating the solutions of these parametric studies, using fuzzy operators. The initial deterministic OPF model is given by equations (6) to (12). In this model Pgi and PNSi represent, respectively, the active power at bus i generator and the power not supplied at bus i.
The coefficient c; represents the incremental cost of the generator connected to bus i and G is the marginal cost of the fictitious generators related to the active power not supplied. Constraints (8) and (9) are related to the generation power limits at bus i while (10) represents the maximum power not supplied at bus i. This limit. Pliav, corresponds to the average value of 1.0 acut of bus i load membership function. Constraints (11) and (12) are related to the limits of the power flow in branch j. In these constraints aji represents the DC model sensitivity coefficient relating the branch j power flow to the bus i active injected power.
Inteeration of load uncertainties
Load uncertainties associated to the 0.0 a-cut can be considered by integrating. in the previous problem, parameters Ai (13) related to each load membership function. The active power balance equation and the branch flow limit constraints considering these parameters are now given, respectively. by (14) to (1 6).
The FOPF problem including information on load uncertainties can be formulated as a multiparametric linear programming problem, given by equations (17) to (19) . where A is the coefficient matrix, X is the vector of variables, b is the right hand side vector, b(A) is a vector of linear expressions on As: This leads to the identification of the A values associated to the extreme values of each of the basic optimal variables. The inclusion of the A parameters allows the optimal solution of (6-12) to be described as a set of linear expressions on A:
Identification of vertices From the hypervolume defined by (19) . representing the domain of uncertain loads, two kinds of vertices are interesting to look for: a) Feasible vertices that lead to maxima or minima of the basic variables of the optimal solution of problem (6-12). when solved with (17-19).
b) Unfeasible vertices for the basic variables set in (20).
The set of Ai values that minimizes and maximizes each variable is readily identified. For instance, if the maximum value of xi is to be obtained. Aimax should be considered whenever the Ai coefficient in the right hand side of (20) etnc OPF u r o b l m Let us consider a power system supplying two loads (Pi1 and P12) represented by trapezoidal fuzzy numbers (21) and (22). The load uncertainties can be expressed in terms of A1 and A2 by (23) and (24). In figure 3 the rectangles corresponding to the 0.0 and 1.0 acuts are represented in terms of A1 and A2.
After a vertex Y has been identified in the previous step, a linear parametric model is adopted. Referring to fig. 3 , load sets in segments OX and XY can be considered by solving two parametric linear programming problems in a successive way. Starting at the initial optimal solution for point 0 (Al=O.O and A2=0.0) the first parametric problem can be solved by associating a=l.O to point 0 and a=O.O to point X. The second parametric study can be performed reseting the a parameter to 1.0 and starting at the feasible optimal solution related to X. Whenever a change of optimal basis is required, in order to keep feasibility, the Dual Simplex algorithm is used so that new feasible and optimal basis (while a varies in the interval [0, I]) may be identified. in each stage. Moreover, the 3 parameter can be identified with a-cut levels in the second stage.
Let us consider the analysis of loads over a general segment: for instance, XY (the procedure for OX is identical). If a=1 is related to AX and a=O to AY then the power balance equation and the branch power flow limits are; respectively. given by (25) to (27). The first parametric study is performed considering that points 0 and X correspond, respectively, to a=l.O and a=O.O so that problem (28) to (30) is obtained.
When point X is reached, i.e., a feasible and optimal solution to 24.0 is identified, the optimal feasible solution is given by (31).
where B is the base matrix, that is, the matrix having the columns of the basic variables in problem (28) to (30).
In the second parametric study, points X and Y correspond to d=l.O and a=O.O, so that the previous optimal solution in X is now given by (30). In expressions (31) and (32), b' and b" represent the terms depending from a in the two parametric problems. B is the base matrix associated to the optimal and feasible solution related to point X of figure 3.
As a result of each pair of parametric programming problems, a set of optimal values, associated to a possibility degree, is obtained for each variable. In figures 4.a) b) and c) three possible representations of these solutions are presented. In figures 4.a) to c) break points A, B, C and D correspond to a values for which the current optimal basis became unfeasible and so an iteration of the Dual Simplex Method had to be performed. The set of solutions presented in figure 4 s ) must be transformed into a possibility distribution using the Max operator so that the distribution sketched in figure 5 can be obtained. The generated active power and branch flow possibility distributions obtained with each parametric programming exercise must finally be aggregated using the fuzzy union operator. This way, correct possibility distributions, integrating only possible optimal generated or branch flow power values, can be built.
The final results from a FOPF exercise are possibility a) generated powers; b) line and transformer power flows; c) system power not supplied.
distributions for:
The FOPF model allows one to detect for which set of lumped and nested load scenarios the system will have feasible solutions, while keeping track of the more economic ones. This set can be designated as a set for whose uncertainties (in whatever way they may be combined) the system is robust. This is a concept present in risk analysis, whose general ideas were well summarized in [8].
A robustness index can be associated with this set: it just takes the value (1-a) where a is the lowest a-cut level for which the system still accommodates data uncertainties at that level. An exposure index is also readily available, taking the value a, and is associated with at least one system component (generation or transmission) that creates a bottleneck in system flexibility to accommodate uncertainties in data. The exposure index can also be interpreted as the highest a-cut of the PNS possibility distribution having non-zero values. In figure 6 an example of such a possibility distribution is sketched. According to this representation the system exposure index is a l . This means that the system can accommodate the specified uncertainties regarding the a levels from 1.0 to al. If lower a-cuts are analyzed. that is if the imprecision grows up, the power not supplied assumes non zero values. This way the exposure and robustness indices are a 1 and 1.0-al.
ORCEMENT S T W E C Y IDENTIFICATION
Among the results obtained with the FOPF methodology one gets a distribution for the power not supplied. The PNS non-zero values depend on system components originating bottlenecks in the system capacity to accommodate uncertainty. Therefore, the risk in keeping the system as it is, in face of the uncertainties in future loads, may be reduced if component reinforcements are specified. The identification of expansion plans can be considered in two complementary ways: a) the planner may specify reinforcements and evaluate their impact on the exposure and robustness indices; "PZST b) the planner may specify target values for the exposure (or robustness) index and indicate those generators or branches whose limits may be modified; the reinforcement values for the specified components must then be calculated.
The evaluation of the exposure and robustness indices within the first option can be simply done by solving a new FOPF considering the specified reinforcement values.
In the second option, an expansion plan can be built by adding variables related to each component to be reinforced in several phases of the FOPF methodology. Let us consider variables APgi and APj, related to generator i and branch j power limit increases. Constraints (33) to (35) are related to the initial deterministic optimal power flow problem and correspond to the generator i active power limit and to the minimum and maximum values of the branch j active power flow.
If the parametric optimal power flows are considered, constraints related to branch power flow are given by (36) and (37). In this case, constraint (33) remains unchanged.
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A reinforcement plan (if there is one) will be identified by solving the initial deterministic OPF study followed, for each identified vertex, by the two parametric problems, as before. The second parametric study has to be solved until the value of the parameter a reaches the a-cut corresponding to the specified exposure index. The reinforcement values correspond to maximum values of variables APgi and Apj.
The target exposure index value may not be achievable for a given set of system components to be reinforced. In fact, the desired value will only be obtained if new iterations of the Dual Simplex Method are performed considering the inclusion of new variables in the problem; however, that may not be possible while keeping feasibility. Therefore, APgi and APj variables play a role similar to the variables related to power not supplied, because they allow keeping mathematical feasibility but display system unfeasibilities. The methodologies described are exemplified using the 24 bus, 38 branch, 32 generator network presented in Fig. 7 . This network is based on the IEEE Reliability Test System -RTS (a 500 MVA power base was adopted). Generator characteristics are presented in table 1. The central values of the 1.0 a-cut of each load distribution correspond to the RTS values multiplied by 1.8 and the original generator limits were doubled while branch data of the RTS remained unchanged.
In this example trapezoidal fuzzy numbers were adopted to represent load uncertainties. The extreme values of the 0.0 and 1.0 a-cuts correspond to (0.9, 0.95, 1.05, 1.1) Tab. 5 -Power flow possibility distributions (random sampling).
Base case
The FOPF algorithm was used to study the base case corresponding to the operation of all system components. In tables 2 and 3 some of the calculated generated active power and branch possibility distributions are presented. Values a1 and a4 correspond to the extreme values of the 0.0-cut and a2 and a3 to the 1.0-cut. The performance of the proposed algorithm was evaluated by assigning an uniform probability distribution to the 0.0 and 1.0-cut intervals of each specified load powers. This way, for 0.0 and 1.0-cuts 5000 deterministic load scenarios were randomly sampled and solved with a deterministic DC OPF algorithm. The extreme values obtained for each generated power and branch flow were used to rebuild an approximation to their distributions. In tables 4 and 5 examples of such distributions are present. The bad (over optimistic) results obtained with the Monte Carlo type simulation can be readily noticed: the interpretation of this fact will be given below.
Line 3-24 outage System operation was also studied considering branch 3-24 outage. In this case, the system has no capacity to accommodate the load related to 1.0-cut. In figure 8 the respective PNS possibility distribution (curve PNSl), obtained with a single FOPF exercise, is sketched. The approximate possibility distribution obtained by a random sampling process is also represented (curve PNS2). This distribution was built by evaluating the extreme values of the 0.0, 0.25, 0.5. 0.75 and 1.0-cuts. For each a-cut, an uniform probabilistic distribution was associated to each load uncertainty so that 5000 load scenarios were sampled and analyzed with a deterministic DC OPF formulation, involving the global effort of ~ 332 solving 25000 deterministic problems. Curve PNS 1 reveals a nonlinearity at point P due to the adoption of the fuzzy union to aggregate the partial results obtained from each parametric OPF study. As detailed in figure 8. point P is the intersection point of the PNS curves obtained from two of these parametric studies.
The analysis of PNSl and PNS2 possibility distributions demonstrate that the random sampling process, although associated with a much heavier computational burden, leads to incorrect PNS distributions. This occurs as one is interested in "what may happen". and so extreme cases that by chance were not sampled have a definite influence in the shape of the possibility distributions. Therefore, Monte Carlo type techniques are not suited to the kind of assessments one is aiming at.
In figure 9 , one displays the values of generating capacity reinforcements. needed to obtain decreasing exposure indices (Iexp). There is no way of reaching an exposure index lower than .38, no matter how much one is willing to pay in generating capacity in buses 1 and 2. In figure 8, In this paper, the problem of combining fuzzy representation of generations and loads with probabilistic events such as generator or branch outages has not been addressed. However, this subject has already been dealt with [9] and will be the object of further publication. In fact, fuzzy and probabilistic representations must be seen as complementary and not as competitive, because they deal with different kinds of uncertainties.
Generators 7/3. 13/1 and 23/2 overlamine outages 131 In this case the system exposure and robustness indices are 1.0 and 0.0. The PNS possibility distributions resulting from the FOPF algorithm (curve PNS1) and from a random sampling process (curve PNS2) are sketched in figure 10 . There is here an obvious deviation of the random sampling results from those (more "exact") obtained with the FOPF model.
Reinforcement plans for branch 14-16 and bus 23 are presented in figure 11 . The increase in branch 14-16power flow limit is not enough to reduce exposure to 0.0, due bottlenecks imposed by other system components: the detection of these components is easily made by inspection of the Simplex results and the binding constraints. But if reinforcements in branches 14-16 and 16-17 (by 114.15 and 0.87 MW) are admitted then a totally robust solution can be reached.
These results show that a good evaluation of the risk associated to system design can be obtained from a FOPF algorithm. Moreover, a FOPF demands solving only one deterministic optimal power flow plus in general a reduced number of parametric problems: on average, this takes 1.4 of the time for just a deterministic OPF. Therefore, the efficiency of a FOPF approach when compared to the random sampling of load scenarios is impressive.
CONCLUSIONS
The fuzzy modelling of load (and generation) uncertainties allows the planner to have a new perspective in assessing the merits of alternative system designs: he can now have readily available useful information on the risks derived from planning decisions. Therefore, he can evaluate not only the degree of flexibility of each alternative. in terms of possible futures for which a particular plan is acceptable, but also how much does it cost to increase the robustness of each solution: and he has a means of comparing altematives in equal risk basis.
With the described FOPF approach, a high degree of computer efficiency is reached. One does not know U priori which are the most severe load scenarios in a power system: it has been shown [4. 51 that, for many system components, the worst scenario is not the one with all the loads at their highest value. Therefore, an altemative to the FOPF would be a Monte Carlo type sampling of load scenarios, heavy and costly in computing terms. 
